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Abstract

I define connectors and generalized connectedness which generalizes topo-
logical connectedness, path connectedness, connectedness of digraphs, proximal
connectedness, uniform connectedness, and some other kinds of connectedness.
This article also serves as a simple introduction for my future writings where
I will consider more difficult topic of filters connected regarding funcoids and
reloids.
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1. Related works

In M] is researched an other way to generalize connectedness. Below is
remarked how these two ways are connected.

2. Notation

I will denote (f) X = {f(z) | * € X} for every function f and set X.
X[flY @3z e X,yeY :z fye (X xY)nf # 0 for every binary
relation f and sets X and Y.

3. Main definition

Let U is a set.

Definition 1 I will call a connector o binary relation r € P (LU x ZU) for
some set U. The connector space is the pair (U;r). I will call U the base of
the connector space (U;r).

I will denote A (U;r) B< Ar B for every sets A and B.

Definition 2 Let r is a connector. I call a set A connected (regarding r) when
VX,V € ZA\{0}: (X UY =AAXNY =0=XrY). (1)

I will call connectedness the set of connected sets (regarding some connector
r). I will denote

CC(U;r)={A e LU | A is connected regarding r}

the connectedness regarding the connector space (U;r). (“CC” is deciphered as
“connector connectedness”.)

A set is connected regarding a connector space (U;r) iff it is connected re-
garding the connector r.

Intuitively: A set is connected if for every partition of it into two components
these two components are bound with each other (“to be bound” mean to be
related by the relation 7).

I will call the above formula generalized connectedness.



Definition 3 Normalized connector space is such a connector space (U;r)
that

VX,Y € PU: (X =0VY =0 = ~(XrY)) and VXY € 2U:(XNY £0= XrY).

Definition 4 Normalization of a connector space (U;r) is the connector
N(U;r) = (U;r') defined by the formula (for every X,Y € 2U)

0 fX=0VY =0,
XryYy e 1 ifXNY £,
X rY otherwise.

Obvious 1 Normalization of a connector space is a normalized connector space.

Obvious 2 A set is connected regarding a connector space iff it is connected
regarding its normalization.

Obvious 3 For a normalized connector r a set A is connected iff
VXY € ZA\{0}: (X UY =A=XrY).
Definition 5

e Restriction r|4 of a connector r to a set A is the connector r N (P A x

PA).

e Restriction (U;r)|a of a connector space (U;r) to a set A€ PU is the
connector space (A;r N (P A x PA)).

Theorem 1 CC((U;r)|x) = CC(U;r) N LK for every set K € 2U.

Proof Aec CC((U;n)|lgx) e AC KAVX,Y € ZA\{0} : (XUY = AANXNY =
=X rN(PKxZK))Y)e AC KAVX,)Y € A\ {0} : (XUY =
ANXNY =0=XrY)e ACKANAe€CCU;r)< Aec CCU;r)NZK for
every set A. O

Corollary 1 CC((U;r)|x) € CC(U;r).

I will define an order on every set of connectors with the same base by the
formula
(U;TQ) - (U;’I“l) S rg Cry.



4. Examples of connectedness

4.1. Topological connectedness

Let 2 is a topological space. If we take
X rY < (X is not open or Y is not open)

or
X rY < (X is not closed or Y is not closed)

or

XTY@ClXUy(X)ﬂY%@VClXUy(Y)ﬁX#Q) (2)

where openness and closedness is taken on the space 2l restricted to the set
X UY and cly means the closure on the subspace A, then we get the classical
definition of a set connected regarding a topology.

Observe that there are several connectors which define the same connected-
ness (because their normalized connectors are identical).

4.2. Path connectedness and similar

Definition 6 I will call a ternary relation T € P (U x U x LU) link.
I will call the pair (U;T) a link space.

I will denote a 74 b = 74(a,b) = 7(a,b, A).

Remark 1 The expression 7(a, b, A) generalizes the statement “There exists a
path from a to b through A.” (where path may be taken in the sense used in
topology or the sense used in graph theory).

Definition 7 [ will call a link space (U;T) increasing iff
VA, Be PU :(ADB=17427pB).

Definition 8 I will call the restriction of a link space(U;T) to a set A € LU
the link space (A; 7N (A X Ax PA)).

Definition 9 I call a link space (U;T) symmetric when T4 is symmetric for
every A € 2U, transitive when T4 is transitive for every A € 2U, reflerive
when T4 is reflexive on A for every A € PU. I will call a link space equivalence
when it is symmetric, transitive, and reflexive.

Definition 10 [ will call a set A connected regarding a link T when Vx,y €
A:7(x,y,A). I call connectedness regarding a link space (U;T) the collection
of all connected (regarding T) sets on U. I will denote LC(U; 1) the connected-
ness regarding (U; 7). (“LC” is deciphered as “link connectedness”.)



To get path connectedness we take (for some topology )

Ta(z,y) < 3f € C([0;1;2A]a) : (f(0) =z A f(1) =y). (3)

Definition 11 We can define two connector spaces T(U;7) and Q(U;T) with
the base U corresponding to a link space (U;T) by the formulas:

VX, Ye 2U:( XTU;T1)Y eVee X,yeY :7(z,y, X UY));
VX, Ye2U: (XQU;nY<eIxeX,yeY :7(z,y, X UY)).

Obvious 4 If 7 is reflexive then Q(U;T) is a normalized connector.

Obvious 5
1(TU; )k =T((U;7)|k):
2. (QU; )|k = QUU; )|k ).
Proposition 1 LC(U; 1) = CC(T(U; 7)) for every reflexive link space (U;T).
Proof Let A is connected regarding T'(U; 7). Then
VXY € PA\{0}: (XUY =AAXNY =0 = X T(U;7) Y)
that is
VX, Y € ZA\{0}: (XUY = AANXNY =0=Vere X,yeY : 7(x,y, X UY)).

Let a,b € A and a # b. Then exist X, Y € #A\ {0} such that X UY =
ANXNY =0anda€ X,beY. So1(a,b, X UY) that is 7(a, b, A). So taking
in account reflexivity of 7 we get that A is connected regarding 7.

Let now A is connected regarding (U;7). Let X, Y € A\ {0} AXUY =
AANXNY =0. We have 7(a,b, A) for every a € X, be Y. Thus X T(U;7) Y.
So A is connected regarding T'(U; 7). O

Theorem 2 For every equivalence link space (U;T)
LO(Us 7) = CC(T(U: 7)) = CCQU; 7).

Proof Enough to prove LC(U;7) = CC(Q(U;7)).

Let A is not connected regarding (U;7) that is there are a,b € A such that
—(a T4 b). Thena € K and b € A\ K where K is a equivalence class regarding
TA. So ~(K Q(U;7) A\ K) and thus A is not connected regarding Q(U; 7).

Let A is connected regarding (U; 7). Then for every X, Y € & A\{0} we have
Vee X,yeY :z1ayandthus Iz € X,y € Y : 74 y that is X Q(U;7) Y.
So A is connected regarding Q(U; 7). O



Remark 2 We may introduce other variants of path-connectedness replacing
topology 2 with a proximity or uniformity and continuity with proximal conti-
nuity or uniform continuity.

Proposition 2 The link space is an increasing equivalence for every 2 be it a
topology, prozimity, or uniformity.

Proof FEasy to prove in every of the three cases. O

4.3. Proximal connectedness

The notion of proximal connectedness (also called “equiconnectedness”) is
defined e.g. in [1], [2], and [3].

To get proximal connectedness we simply take the connector r = § for a
proximity 4.

Remark 3 Connectedness regarding a proximity can be trivially generalized
to connectedness regarding a funcoid [5], but I omit this because the theory of
funcoids is not yet officially published.

Proposition 3 A set A is prozimally connected iff
VXY € ZA\{0}: (XUY =A=XJY).

Proof Because § is a normalized connector. O

4.4. Connectedness regarding a digraph

The category of binary relations is the category whose objects are sets and
whose morphisms from a set A to a set B are triples (f; A; B) where f is a
binary relation and dom f C A and im f C b. Composition of morphisms is
defined in the natural way.

We will order this category by product order, that is

(f;Ao; Bo) C (9;A1;B1) & f CgNAy C A ABy C By.

For two morphisms (f; Ag; Bg) and (g; A1; B1) we have the meet of morphisms
by the formula

(f; Ao; Bo) N (g; A1; B1) = (f Ng; Ao N Ay; Bo N By).

Easy to see that the right part of this formula is a morphism.

We will define A x¢ B = (A x B; A; B).

I will define a digraph as an endomorphism of the category of binary rela-
tions. In other words, a digraph is (U; f) where U is a set and f is a binary
relation on U.

By definition a (f;4;B)b< a fb < (a;b) € f.

By definition ((f; A; B)) X = (f) X and [(f; 4; B)] = [f].



Definition 12 Connectedness regarding a digraph is the connectedness for
the link (U; 1) where U is the set of vertices of the digraph and 7(x,y, A) means
that there are a path from x to y in the subgraph restricted to A.

Obvious 6 The link space (U;T) in the above definition is an increasing equiv-
alence.

Definition 13 S(U; f) def (U; (=)|lvufufufiu...) for every digraph (U; f).

Proposition 4 There is a path from element a to element b in a set A through
a digraph p iff a S(p N (A <€ A)) b.

Proof

= If exists a path from a to b, then {b} € (1N (A x© A))™) {a} where n is the
path length. Consequently {b} C (S(uN (A x A))){a}; a S(uN (A xC A))
b.

< Ifa (S(upN (A% A))) b then exists n € N such that a (uN (A xC A))" b.
By definition of composition of binary relations this means that there
exist finite sequence xg ...z, where x9 = a, ©, = b for n € N and
z; (LN (A XY A)) 2441 for every i = 0,...,n — 1. That is there is path
from a to b.

O

Lemma 1 If XNY =0 and ~(X [f]Y) then ~(X [f™]Y) for every sets X, Y,
digraph f, and natural number n.

Proof For n = 0 it is obvious. Let’s prove by induction that it’s true for n > 1.
For n =1 it is obvious.
Let it’s true for n = k > 0. ~(X [f**]Y) & Y n{(f)X =0
YO(fF) () X =0 < =((f) X [f*] Y) what is true by induction because (f) X
Y =0 is equivalent to =(X [f]Y).
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Theorem 3 The following statements are equivalent for a digraph u and a set

A:

~

. A is connected regarding the digraph .

2. S(uN(AxC A)DAxCA.

3. S(un(AxCA)=AxCA.

4. A is connected regarding the connector [u].
5. VXY € A\ {0} : (XUY = A= X [y]Y).



Proof

(1)=(2) Let for every a,b € A there is a path between a and b in A through pu.
Then a (S(uN® (A x A))) b for every a,b € A. Tt is possible only when
SN (AxA)DAxA.

(3)=(1) For every two vertices a and b we have a (S(uN (A x¢ A))) b. So (by
the previous theorem) for every two vertices a and b exist path from a to
b.

(3)=(4) Suppose that =(X [N (A xC A)]Y) for some X,Y € 22U\ {0} such
that XUY = A and XNY = (. Then by alemma —(X [(z N (4 x A))"] Y)
for every n € N. Consequently ~(X [S(uN (A x9 A))] Y). So S(un(Ax®
A)) # A x A.

(4)=(3) If (S(un® (A x A))){v} = A for every vertex v then S(uN® (A x

A)) = AxYA. Consider the remaining case when V' o (S(un(AxY A))){v} C

A for some vertex v. Let W = A\ V. If card A = 1 then S(uN® (A x A)) D

(=)]a = AxC A; otherwise W # (). Then VUW = A and so V [u] W what

is equivalent to V [n N (A x A)] W that is (uN® (A x A)V W # 0.

This is impossible because (N (A x¢ A)) V = (uN (A xS A)) (S(pN (A xC A))V C
(S(uN(AxCA))V =V.

(2)=(3) Because S(unN (A x% A)) C AxC A
(5)=(4) Obvious.

(4)=(5) Let (4) holds and let XUY = A. If X =Y = A then X [u] Y because
A # (. Otherwise X C Aor Y C A. Let for example X C A. Then
Y\X #0. So X [u]Y\ X by (4) and consequently X [u] Y.

d

Corollary 2 A set A is connected regarding a digraph p iff it is connected
regarding p N (A x A).

Theorem 4 The following statements are equivalent for each digraph p =
(U; f) and sets X,Y € PU:

1. XTWU;n)Y;
2. X xPY CSun((XUY)x®(XuUY)));
3. XxPY=8un((XUY)x®(XUY))).



Proof

XxCYcCcSun(XuYy)x®(Xuy)) <
Ve X,yeY :zSun(XUuY)x®(XuY))y <
=4

Vee X,yeY :7(z,y, X UY) XT({U;T)Y.

XxCY CS(un((XUY)x9(XUY))) & X xY = S(un((XUY)x%(XUY)))
because S(uN (X UY) x¢ (XUY))) C(XUY)xC (XUY). O

Theorem 5 Q(U;7) and [u] have the same normalization (for every digraph
p=(U;f)).

Proof Let X, Y € 22U, X, Y #0, X NY = (). We need to prove X Q(U;7)
Yo X[uY.

X QU;T)Y < X [p]Y is obvious.

Let X Q(U;7) Y. Then there exists a path in X UY from a point of X to
a point of Y. Easy to see that there exist consequtive points x, y of this path
such that x py. So X [u]Y. O

Theorem 6 Regarding every digraph (U; i), connectedness is the same for con-
nector spaces:

1. T(U;7T);
2. QU;T);
3. (U; [u])-
Proof From the theorems 2] and Bl O

4.5. Weak connectedness

By definition a set A is weakly connected regarding a digraph p iff it is
connected regarding the corresponding graph (that is connected regarding the
digraph g U 1), So weak connectedness is also a kind of generalized connect-
edness.

4.6. Uniform connectedness

4.6.1. Some basic properties of filters

Let F is the set of filters on some set U.

I will denote [A) the principal filter corresponding to a set A.

Note that I do not require that filters do not contain the empty set, thus [())
is well defined.

Proposition 5 a U7 b= {ANB | A€ a,B €b} for every filters a and b.



Proof First provethat {ANB | A€ a,B €b}isafilter. Let X, Y € {ANB | A€ a,B € b}.
Then X = Ay N By and Y = Ay N By where Ay, As € a and By, B; € b. Con-
sequentlyXﬁY: (AlﬂAQ)ﬂ(BlﬁBg) where A1 N Ay € a, BN By € b,
thus X NY € {ANB | Aca,Beb}. Let X € {ANB | A€a,B€b} and

C DX. Wehave X = AN B where A € a, Be€b Wehave C = CUX =
CUANB) =(CUA)N(CUB) where CUA € a and C U B € b; thus

Ce{ANB | Aca,Beb}. So{ANB | A€ a,B € b} is a filter.

We need to prove that {ANB | A€ a,B € b} is the lowest upper bound
of {a,b}. We have {ANB | A€ a,B€b} O a because if X € a then X =
XNUe{ANB | Aca,Becb}. Similarly {ANB | A€ a,B €b} 2b. Thus
it is an upper bound.

Let p is an upper bound of {a,b}. Then p D a that is VA € a: A € p and
VB € b: B € p. Thus because p is a filter we have VA € a,Beb: ANB€p
thatisp 2 {ANB | A€ a,B € b}. O

Proposition 6 [4) U7 [B) = [AN B) for every subsets A and B of U.

Proof We need to prove that [A N B) is the least upper bound of {[A4), [B)}.
That [AN B) D [A),[B) is obvious.
Remained to prove that Va € F : (a 2 [A),[B) = a 2 [AN B)). Really,

a2D[A),[B)=A,Bca=ANBca=a2[ANB).

4.6.2. Uniform triples

I will define uniform connectedness. Below I will show that my definition is
equivalent to the classical definition of uniform connectedness.

I will call a uniform triple on a set U the triple (f; A; B) where f is a filter
on Z(U xU) and A, B are such sets that A x B € f. Note that uniform spaces
can be considered as uniform triples with A = B. I will denote R the set of
filters on Z(U x U) and U the set of uniform triples.

I will call a generalized uniform space a uniform triple with A = B.

Remark 4 In fact there can be defined composition of uniform triples and they
thus form morphisms of certain category. But in this article I’ll not dive into
details here. See my draft article |5].

We will introduce order on the set of uniform triples on a set by the formula
(f3Ao; Bo) € (g: A1 B1) < f S g N Ag 2 A1 A By 2 Bu.

Easy to see that (f; Ag; Bo) U (g; A1; B1) = (f UR g; Ag N Ay; By N By).

For a morphism (f; A; B) of the category of binary relations, I will denote
[(f; 4; B)) = ([f); A; B). Easy to see that [(f; A; B)) is a uniform triple.

By abuse of notation I will denote

(fiAo; Bo) € (9; Ai; B1) & f € gANAg= A1 NBo = By
where f is a binary relation and g is a filter on Z(U x U).
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4.6.8. Uniform connectedness
Let u is a generalized uniform space.

Definition 14 I will denote S* (1) = U {[S(f)) | f € u}.
Obvious 7 S* is a monotone function.

Definition 15 A set A is (uniformly) connected regarding i iff S*(pu WY
[A xC A)) C[AxC A).

Proposition 7 S*([f)) = [S(f)) for every digraph f.
Proof $°([f)) =U"{[S(9)) | g€ [N} =U IS} = [S(F): 0

Obvious 8 A set A is connected regarding a generalized uniform space p iff
S* (UM [AxC A)) =[A xC A).

Uniform connectedness is a generalization of digraph connectedness:
Proposition 8 A set A is uniformly connected regarding [u) iff it is connected
regarding v (for every digraph p).

Proof §*([u) U4 [A X ) = 81101 (A x° ) =[S (4 x© 4))
Thus S*([u) M [A x A)) = [AxC A) & S(un(AxC A)=AxCA O

Obvious 9 A set A is connected regarding a generalized uniform space p iff
VX € S*(p UM [Ax A)): X D AxY A

Obvious 10 A set A is connected regarding a generalized uniform space p iff
it is connected regarding p U¥ [A x A).

Proposition 9 A set A is connected regarding a generalized uniform space [
iff A is connected regarding every digraph f € p.

Proof

= Let a set A is connected regarding p and f € p. Then [f) C u; consequently
[FIM[AxCA) C pM[AxC A) and so S*([f) UM [AxC A)) C S*(uUH[AxC
A)) € [AxC A). Thus S*([fN(AxC A))) C [AxC A); [S(FN(AXC A))) C
[AxCA); S(fN(AxY A)) D AxC Athat is A is connected regarding f.
< S AN = U {ISU)) | fep [AxC A} = {[Slgnm) | gepmheldxTA)}c
U {IS(an(AxCA) | geu} =U {[AxCA) | g€p}=[AxTA).

d
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4.6.4. Connectors for uniform connectedness
Let’s find a connector which generates the same connectedness as the de-
scribed above uniform connectedness.

Proposition 10 Vz € U : [{x} x¢ {x}) D S*(u) for every generalized uniform
space = (U; ).

Proof §%(u) = U {[S(f)) | f €} Bus {a} x© {x} C S(f); thus [{x} x°
{z}) 2 [S(/)) and consequently U“ {[S(f)) | f € u} € [{z} x© {a}). 0
Lemma 2 [|JS) D F & VX € S:[X) D F for every collection S of sets and
every filter F.

Proof

= Obvious.

< LetVX € S:[X)D FthatisVX € ;Y € F: X CY. ThenVY € F:
USCY thatis [US) D F.

d

From the above lemma follows that

[AxC A) DS (nM[AxCA) <
vo e A: [{z} x© (A\{z})) 2 8% (u UM [A % A) A l{z} x9 {2}) 2 S (U [A X A)).

Because Vo € A : [{z} x% {z}) 2 §*(u U [A x© A)), we have
[AxCA)D S*(uHM[AxCA)) o Ve e A: [{z}xC(A\{z})) D S*(u“[Ax A))
Consequently

[AxCA) DS (nM[AxCA) <
VX, Y € ZA: (XNY =0AXUY =A=[X x°Y) D S*(u M [AxC A)).

So, our sought-for connector is defined (for example) by the formula
XrY e [Xx9Y) D8 (W [(XUY)xC (XUY))).

A is connected regarding p iff Vf € p, X, Y € U : (X UY =A= X [f]Y) &
VX,Y € PU: (XUY = A=VYfep: X[f]Y). Thus

XrYeVfeu: X[flY eVfeu: X xYNf#£0D (4)

is also a connector which induces uniform connectedness.

If p is a uniformity, X » ¥ & X § Y where § is the proximity induced
by . Thus my definition of uniform connectedness is equivalent to traditional
definition of uniform connectedness. (See theorem 1 in |3].)

12



5. Properties

5.1. Extendability

Definition 16 I will call a connector space (U;r) up-directed when

VX0,Y0,X1,Y1 € 2U : (Xor YoNX1 D XoAY1 DYy = X1 r V7).
Definition 17 I will call a connector space (U;r) extendable when
VX0, Yo, X1,Y1 € PU : (X1NY; = DAXo r YoAX: D XoAY; DYy = X, r Y7).
Obvious 11 FEvery up-directed connector space is extendable.

Example 1 The following connector spaces are up-directed (and thus extend-
able):

1. the connector space defined by the formula (2));
2. (U;[f)) for every digraph (U; f);

3. Q(U;7) for an increasing link space (U;7);

4. the connector space defined by the formula (@);

5. A proximity space (U;6).

Proposition 11 A connector space is extendable iff its normalization is up-
directed.

Proof

= Let X N(r) Yand X' D X,Y' D Y. Wehave X' £ 0, V' £ 0. f X'NY’ #£0
then X’ N(r) Y’. Otherwise by extendabilty X’ r Y’ and consequently
X' N(r) Y'. Thus N(r) is up-directed.

< Let X1 NY; :@/\Xo’l”}/o/\Xl D XogAY; DYy Then X N(T) Yy and
consequently X; N(r) Y1. So X; r 3.

d

5.2. Criteria of connectedness

Obvious 12 Empty set is connected regarding every connector.

Obvious 13 Fvery singleton is connected regarding every connector.

13



5.2.1. Connectedness of unions of sets

Lemma 3 If XUY = AUB and X,Y # 0 and X NY = () then either
{X,Y} ={A, B} or A intersects both X and Y or B intersects both X and Y
(for every sets A, B, X, Y ).

Proof Let {X,Y} # {A, B}. Suppose that “A intersects both X and Y” does
not hold (for example suppose that AN X = 0) and prove “B intersects both
X and Y.

We have X C B and thus BN X # 0. If also BNY =0 then B C X. So
X = B and thus either Y = A what contradicts to our supposition or A D Y in
which case A intersects both X and Y. O

Theorem 7 If sets A, B € U are connected regarding an extendable connec-
tor space (U;r) and Ar B then AU B is also connected regarding (U;T).

Proof We need to prove that
VX, Y € Z(AUB)\ {0} : (XUY =AUBAXNY =0=XrY).

Let X,Y € Z(AUB)\ {0} and XUY = AUBAXNY = 0. Then by the
lemma either {X,Y} = {4, B} and thus X r Y < A r B so having X r Y, or A
intersects both X and Y or B intersects both X and Y. Consider for example
then case X NA# @ and Y N A # 0.

In this case we have (X NA)U(Y NA)=(XUY)NA=(AUB)NA=A
and (X NA)NY NA)CXNY =0. Thus XNArYNA and consequently
X rY (taken in account extendability). O

Corollary 3 If sets A, B € 22U are connected regarding an extendable connec-
tor space (U;r) and AN B # ) then AU B is also connected regarding (U;r).

Proof Replace r with its normalization N(r). This preserves the same con-
nectedness. AN B # (0 = A N(r) B. Thus we can apply the theorem. O

There holds also infinite version of the previous corollary:

Theorem 8 If S € P PU is a collection of connected (regarding an extendable
connector space (U;r)) sets and (S # () then |J S is connected (regarding this
connector space).

Proof Let {X,Y} is a partition of |JS. Then exist a point p € (S such
that p € X or p € Y. Without lost of generality we may assume p € X. Since
Y # 0, we have ¢ € Y for some ¢ € |JS that is ¢ € A for some A € S. So
ANX,ANY # 0 and thus {ANX,ANY} is a partition of A. Since A is
connected, we have AN X r ANY and thus (taken in account extendability)
X rY. So S is connected. O
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Corollary 4 Connectedness generated by an extendable connector space is a
c-structure in the sense of [4].

Remark 5 Connectedness generated by an extendable connector space is not
necessarily a connective structure in the sense of |[4]. A counter-example is
proximal connectedness on the set R\ {0}. (Take A = (—00;0), B = (0; +00)
to violate the axiom (iii) in the main definition of [4].)

5.3. Links generated by a connector
Definition 18 a p(E)b< 3K € E: a,b € K for every collection E of sets.

Definition 19 L(E)4 = p(ZANE) for every collection E of sets and a set A.

Let (U;r) is a connector space.

Definition 20 (y,)(x) is the link space defined by the formula (r,ry(*)a =
Us*@inla)-

Definition 21 Let (=) = p(CC(U;r)).

Proposition 12 (. (=) = (Ew)|«) = LICCU;7))x = p(CC((U;7)|k))
for every connector space (U;r) and set K € 2U.

Proof (=) = p(CC((U;7)|k)) = p(CC(U;r) N P K) = L(CC(U; 7)) k-
Cwirmy (=) x = (EW;r)|) by definition. O

Obvious 14 (. (=) is an increasing link space.
Obvious 15 (=) is symmetric for every connector space (U;r).

Proposition 13 (=) is reflevive on U for every connector space (U;r).

Proof Follows from the fact that singletons are connected. O

Theorem 9 (=) is an equivalence relation on U for every extendable con-
nector space (U;r).

Proof We need to prove only transitivity. Let a =y, b and b =) ¢. Then
exist X,Y € CC(U;r) such that a,b € X and b,c € Y. Because X NY # () we
have X UY € CC(U;r). So a =, ¢ O

Definition 22 A connected component (regarding a connectedness space (U;r))
is a non-empty maximal connected set.

Proposition 14 A set A € U is connected regarding a connector space (U; )
iff there are exactly one connected component of the connector space (U;r)|a.
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Proof If A is connected regarding (U;r) then A is connected regarding (U; )|
and thus is a connected component regarding (U;r)|4.

If A is a connected component regarding (U;r)|a then A is connected re-
garding (U;r)|a and thus is connected regarding (U;r). O

Theorem 10 FEquivalence classes regarding =,y are evactly connected com-
ponents for every extendable connector space (U;r).

Proof Let K is a connected component. Then K is connected and thus
a =y b for every a,b € K. If a #Z(y,) b then there are no connected set X
such that a,b € X and thus a ¢ K Vb ¢ K. Thus K is an equivalence class of
=(Usr)-

Let now K is an equivalence class of =(y,,y. Let choose arbitrary k € K. For
every x € K exists a connected set X, such that k,z € X. Having a common
point k the union A of all X, is a connected set. It’s impossible A D K because
otherwise y =y, k for some y ¢ K. So A = K is the maximal connected set.

O

Corollary 5 For every extendable connector space (U;r) its connectedness is
equal to connectedness regarding the link () (=)-

Proof A € CC(U;r) & A € CC((U;r)|a) what is equivalent to A being a
connected component regarding (U; )| 4 what is equivalent to A being an equiv-
alence class regarding =y, that is regarding {(¢7.)(=)a that is equivalent to
A being connected regarding ((y,y(=). (]

Corollary 6 The set U is partitioned into connected components for every ex-
tendable connector space (U;r).

Corollary 7 If a set is connected then it is a subset of a connected component
(for extendable connector spaces).

Theorem 11 For every extendable connector space exists a link space with the
same connectedness.

Proof Let (U;r) is an extendable connector space. Let A € ZU. Then
A is connected regarding (U;r) iff there are one connected component of the
connector space (U; )| 4. Thus A is connected regarding (U; r) iff A is connected
regarding 7 where 74 is the equivalence relation defined by the partition of the
set A into connected components by the connector space (U;r)|a. (Taken in
account that connected components of an extendable connector space are a
partition.) O

Theorem 12 Let (U; ) is an increasing equivalence link space. Then L(LC(U; 7)) =
T.
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Proof K is connected regarding (U;7) iff every two points of K are linked by
TK -

a LILCU;THa b 3K € A (a,be KANK € LC(U; 7)) & 3K € ZA:
(a,be KAVz,y e K : 2 T V).

a LILCU;T))ab=3K € A : (a,be KNaTg b) = 3IK € A :a 1k
b=aTpb.

Reversely, if a 74 b then a and b are in the same connected component K
and thus a L(LC(U; 7)) b. O

Definition 23 For a connectedness space (U;r):

a—=unbe VXY € ZU: (a€ XADEYAXUY =UAXNY =0= X 1Y)

Obvious 16 a () (—=)xk b & a = b & VX,Y € PU : (a € X Nb €
YAXUY=KAXNY=0=XrY) for every K € 2U.

Definition 24 ~ is defined by the formula
a ~(U;r) bea —(Usr) bAb —(U;r) Q-

Obvious 17 a ~p;) b & VX, Y € PU : (a € XAD € YAXUY =UAXNY =
0l=XrYAYrX).

Obvious 18 a (u,)(~)k b & a ~uyy e b VXY € PU : (a € X Ab €
YAXUY=KAXNY=0=XrYAYrX) for every K € 2U.

Remark 6 ~ bears less information about the connector than =. For example
for the connector T'(U;T) of a graph consisting of two connected components
~ |r;ry is just the diagonal relation.

Proposition 15 = — ) © and x ~,) x for every x € U.

Proof = — ;) z follows from that a € X ANb € Y AX UY = UANXNY =0
is always false if a = b. z ~(y,,) @ follows from = — ;) . (I

Proposition 16 — (. is transitive.

Proof Leta — ;) bandb— () c. Letae X,ce Z, XUZ=U, XNZ = 0.
We need to prove X r Z.
Obviously b € X Vb e Z. We can assume b € X.
Then X r Z because b — ) c. (|

Theorem 13 ~ () is an equivalence relation.

Proof
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Reflexivity Follows from reflexivity of — ...
Symmetry Obvious.

Transitivity Let a ~,) b and b ~) ¢. Then a =) b and b — g, c.
So by transitivity of =,y we have a — () ¢. Similarly ¢ — ) a. So
a~wusr) ¢

O

Theorem 14 The following statements are equivalent for every connector space

(U;r) and set K € 2U:

1. The set K is connected regarding (U;r).
2.V, y € K1 T~ Y-

3.V, y € K12 =Wy« Y-

4. Vr,y € K1 x =)k Y-

Proof

(1)=(3) Let K is connected. Then we have X r Y and Y r X for every
X, Y € ZK \ {0} such that X UY = K A X NY = () and consequently

a = (U b for every a,b € K.

(3)<(2) Obvious.

(3)=(1) Let Yo,y € K : & =) ¥- Thenif X,V € ZK\ {0} AXUY =
KAXNY =0, we have some x € X and y € Y thus X r Y because
T —u;r) Y- So K is connected.

(4)=(1) If Vo,y € K : & =@, ¥ then K is a subset of a connected com-
ponent regarding (U; r)|x. This component cannot be greater than K, so

K is connected regarding (U;r)|x and consequently connected regarding
(U;r).

(1)=(4) If K is connected regarding (U;r) then K is connected regarding
(U;r)|k and thus K is a connected component regarding (U; r)|x so hav-
ing Vo,y € K : 2 =) Y-

O

Theorem 15 (ouir) (=) = Crwin(E) = Couin(~) = Cowin(—=) = T for
every equivalence link space (U;T).
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Proof a (gw,r)(=)k b iff @ and b are in the same connected component
regarding Q((U; 7)| k).

Let’s prove that a CQ(U;T)(_))K b=a CQ(U;T)(E)K b.

We need to prove that a (o) (—)x biff a and b are in the same connected
component regarding Q((U;7)|x). (Then also a (gw;r)(~)x b iff a and b are
in the same connected component regarding Q((U;7)|x).) If a and b are in the
same connected component then x —(q(u;r))| ¥ that is a (o, (—)x b. Let
now a (qg(u;7)(—)x b. Suppose a € X and b € Y where X and Y are distinct
connected components regarding Q((U; 7)|x). Thenb € U\ X, XU(U\X)=U
and X N(U\ X)=0. Thus X Q((U;7)|x) (U \ X) that is for some z € X and
y € U\ X we have z 7 y what is impossible because z and y lie in different
connected components.

CQ(U;T)(E)K =(= |(U;r)\x);

a = |lowinxb © a L(CC(QU;T)))Kk b & a L(CC(T(U;7)))x b & a =
|7(U;7) b (used the theorem [2)).

LICCQU: )k = p(PEACCQU; 7)) = p(CCUQUU; ) k) = p(CC(Q(U; 7)) =
p(LC((U; )|k )). So if a = |gu;r)|xb then a and b lie in the same connected
component regarding (U; 7)|x. Thus a 7k b.

Let now a 7x b. Suppose that a and b lie in different connected components
regarding (U; 7)|kx. Then by equivalence every points of these components are
linked and thus they are one connected component. By contradiction a and b
lie in the same connected component regarding (U;7)|k.

So we proved a = |gu;r)| b < a Tk b. O

5.4. Relationships of Q(U;T) and T(U;T)
Let find a formula which allows to find T'(U;7) knowing Q(U;7) (to the

extent of equal normalization).
Let (U;r) is a connector space.

Definition 25 T will define the connector space S(U;r) = (U;r') by the formula
(for every A,B € 2U)

Ar' B& AUB e CC(r).

Lemma 4 Let X,Y, A, B are sets. If X, Y, A,B # 0 and XUY = AUB then
XNA#ADAYNB#£DPor XNBADAYNA#Q.

Proof Ifa € X thena € Aora € B. Let for example a € A. Thus X N A # (.
FYNB=0then BC X andY C A, so having XNB#ADAYNA#AQD. O

Theorem 16 N(T(U;7)) = N(B(Q(U;7))) for every increasing equivalence
link space (U;T).
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Proof Let A,B # () and AN B = (. We need to prove that A T(U;7) B <
ABQU;T)) B.

Let A B(Q(U;7)) B. Then AU B € CC(Q(U; 7)) that is by the theorem [2
we have AU B € LC(U; 7). SoVa,y € AUB :zTaup y that is AT(U; 1) B.

Let now AT(U;7) B. Then Va € A,b€ B : 7(a,b, AU B).

Let XUY =AUBand XNY =0 and X,Y # 0.

By the lemma there exist a € X, b € Y such that a € A, b€ B (ora € X,
b € Y such that « € B, b € A what is analogous). So 7(a,b, A U B) and
consequently X Q(U;7) Y.

Thus AU B € CC(Q(U;)) that is A 5(Q(U; 1)) B. O

Proposition 17 N(B(U;r)) C N(U;r) for every connector space (U;r).

Proof Let A N(B(U;r)) B for some A,B # (), ANB = (), then AUB €
CC(U;r). Then A r B and thus A N(U;r) B. O

Theorem 17 CC(B(U;r)) C CC(U;r) for every connector space (U;r).

Proof From the previous proposition. (|

Proposition 18 N(B(58(U;r))) = N(B(U;r)) for every connector space (U;r).

(

Proof If A N(B(B(U;r))) B then either AN B # () and thus A N(8(U;r)) B
or ANB=0and A,B # () and A 8(3(U;r)) B. Then AU B € CC(8(U;r))
and thus A f(U;r) B with consequence A N(B(U;r)) B.

Let now A N(B(U;r)) B. Then either ANB # () and thus A N(8(3(U;r))) B
or ANB=0and A,B# 0 and A 8(U;r) B. So AU B € CC(U;r).

VX, Y € Z(AUB)\{0} : (XUY = AUBAXNY =0 = XUY € CC(U;r));

VX, Y €e Z(AUB)\ {0} : (XUY =AUBAXNY =0= X BU;r)Y).

So AUB € CC(B(U;r)) that is A B(B(U;r)) B and thus A N(B(8(U;r))) B.

O

Remark 7 CC(5(U;r)) = CC(U;r) if (U;r) =T(U; 1) or (U;r) = Q(U; ) for
every equivalence link space (U; 7).

Question 1 B3(B(U;r)) = B(U;r)?
Question 2 Under which conditions CC(S(U;r)) = CC(U;r) in general?

6. Future research

How connectedness is related with continuity?

Research the lattice of connectors and the lattice of links.

To define product of two connectors is not trivial if possible at all.

We also may attempt to define quotient spaces for connectors.

In my further research I am going to study generalized connectedness of
filters.
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