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Abstract

I prove a conjecture about presenting pseudodifference of filters in
several equivalent forms from my earlier article, and more generally a
result for arbitrary atomistic co-brouwerian lattices.
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1 The problem

I will call the set of filter objects the set of filters ordered reverse to set theoretic
inclusion of filters, with principal filters equated to the corresponding sets. See
[1] for the formal definition of filter objects. I will denote (upa) the filter
corresponding to a filter object a. I will denote the set of filter objects (on U)
as §. So,a Cb< upa 2D upb for a,b €F.

§ is actually a complete lattice (see [1]).

I will denote (atoms® a) the set of atoms below element a of a lattice 2.

In [I] T’ve formulated the following open problem (problem 1):

Problem 1 Which of the following expressions are pairwise equal for all a,b € § for
each lattice § of filters on a set U? (If some are not equal, provide counter-examples.)

L N¥{z€F|aCbuU’ 2} (quasidifference of a and b);

2. US{z€F|2Canznb=0} (second quasidifference of a and b);
3. S (atoms® a \ atoms?® b);

4. IS {an¥ (U\ B) | B € upb}.
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2 A generalization and the proof

We will prove more general statements:

Theorem 1 For an atomistic co-brouwerian lattice A and a,b € A the following
expressions are always equal:

1. N {zeA|abU*z} (quasidifference of a and b);
2. |J* {zeA|z2Canzn?b=0} (second quasidifference of a and b);
3. J* (atoms? a \ atoms? b).

Proof Proof of (1)=(3):
a\*b=N* {zeA|aCbU™z}, soit’s enough to prove that

2A
a\*b= LJ(atomsQl a '\ atoms® b).

Really:

a\*b

2A
(U atoms a) \*b = (theorem 16 in [I])*

2A
U{A\*b|A€atomsma} =

2 A if A ¢ atoms® b
U{({ 0 ifAiatomsQ‘b ) | A€ atomsgla} -
A
U {A]Ae atoms® a, A ¢ atoms™ b} =
2A
LJ(zaLtomsgl a\ atoms™ b).

* The requirement of theorem 16 that our lattice is complete is superfluous and
can be removed.

Proof of (2)=(3):
a \* b is defined because our lattice is co-brouwerian. Taking the above into
account, we have

a\*b =
U(atoms a\ atomsb) =

U{zEatomsa|zﬂmb:0m}.

So J{z € atomsa | zN* b= 0%} is defined.



If 2z CaAzn¥b=0%then 2/ = |J{z € atomsz | zN* b= 0%} is defined.
Z' is a lower bound for {z € atomsa | zN* b= 0%}.
Thusz’ € {z€A|zCanzn?b=0"}andsoJ{z € atomsa | zN* b= 0%}
isanupperboundof{zEQl|zga/\zﬂmbzom}.
If y is above every 2’ € {z ceAlzCanzn*b= 091} then y is above every
z € atoms a such that 2N%b = 0% and thus y is aboveU{z € atomsa | zN* b= Om}.
Thus |J {z € atomsa | zN* b= 0%} is least upper bound of

{zeA|zCanznb=0"},
that is
U{zeﬂ\zga/\zﬂmbzom} :U{zEatomsa|zﬂmb=Om} :U(atomsa\atomsb).

O

Note that § is co-brouwerian by corollary 11 in [I] and atomistic by theorem
48 in [I], so our theorem applies to the lattice §, and more generally to any
filters on a boolean lattice.

Proposition 1 For filters on boolean lattices the three above ways to express
quasidifference of a and b are also equal to Ug{a NS1B| B <€ upb} 1 X
denotes the principal filter induced by X ).

Remark 1 By corollary 8 in [1] the set of filters on a boolean lattice is complete.
So our formula is well-defined.

Proof Using results from [1]:
US{zeFlzCanznb=05} CUS{an¥ 1 B| B € upb} because

z€{2€F|2CanzNb=05} s 2CaAznNnb=0% &
2CaAIdBecupb: 2Nt B=0°<2CaAIBecupb:2Ct+B&
EBEUpb:(zga/\ngE)<:)HB€upb:z§aﬁgT§=>

§
zQU{aﬂST§|BEupb}.

But obviously ant Be {z€F|2CaAznb=05} and thus
. §
aﬁSTBQU{ZESMQa/\zﬂb:OS}
andso JS{z€F|2Canznb=05} DU anS1 B | B ecupb}. O

The above proposition completes the proof of problem 1 in [I].



There is a little more general theorem in my unpublished book “Algebraic
General Topology. Volume 1”7 (available on the Web), currently at the end of
the section “Filtrators over Boolean Lattices”.

I present a part of this theorem here without a proof, as its (fairly technical,
not long however) proof is available in this my free e-book:

The below theorem uses terminology from [1].

Theorem 2 If (;3) is a complete co-brouwerian atomistic down-aligned lat-
tice filtrator with binarily meet-closed and separable boolean core, then the three
expressions of pseudodifference of a and b in the above theorem are also equal
to \US{an¥ 1+ B | B € upb}.
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